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Ψ(x) for Particle Inside 1D Box with Infinite Potential Walls

Need to figure out values of A, B : How to do that ?
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Quantized Energy levels of Particle in a Box 



4

What About the Wave Function Normalization ? 
n

We will call n  Quantum Number , just like in Bohr's Hydrogen atom
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Wave Functions : Shapes Depend on Quantum # n 
Wave Function Probability P(x): Where the 

particle likely to be

Zero Prob
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Where in The World is Carmen San Diego?

• We can only guess the probability 
of finding the particle somewhere 
in x 
– For n=1 (ground state) particle most 

likely at x = L/2 
– For n=2 (first excited state) particle 

most likely at L/4, 3L/4
• Prob. Vanishes at x = L/2 & L

– How does the particle get from 
just before x=L/2 to just after?

• QUIT thinking this way, 
particles don’t have 
trajectories 

• Just probabilities of being 
somewhere

Classically, where is the particle most
Likely to be : Equal prob of being 
anywhere inside the Box 
NOT SO says Quantum Mechanics!
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Remember Sesame Street? 

This particle in the box is 
brought to you by the letter

Its the Big Boss 
Quantum Number
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The QM Prob. of Finding Particle in  Some Region in Space 
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When The Classical & Quantum Pictures Merge: n→∞

But one issue is irreconcilable: 
Quantum Mechanically the particle can not have E = 0  

This is a direct consequence of the Uncertainty Principle
The particle moves around with KE inversely proportional to the length 

Of the (1D) Box 
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Finite Potential Barrier

• There are no Infinite Potentials in the real world 
– Imagine the cost of as battery with infinite potential diff

• Will cost infinite $ sum + not available at Radio Shack 

• Imagine a realistic potential : Large U compared to KE  but 
not infinite 

X=0 X=L

U E = KE

Region I Region II Region III

Classical Picture : A bound particle (no escape) in 0<x<L
Quantum Mechanical Picture : Use ∆E.∆t ≤ h/2π
Particle can leak out of the Box of finite potential P(|x|>L) ≠0
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Finite Potential Well 
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Finite Potential Well: Particle can Burrow Outside Box! 
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Finite Potential Well: Particle can Burrow Outside Box 
Particle can be outside the box but only
for a time ∆t ≈ h/ ∆E
∆E = Energy particle needs to borrow to
Get outside ∆E = U-E + KE
The Cinderella act (of violating E 
conservation cant last very long

Particle must hurry back (cant be 
caught with its hand inside the cookie-jar) 

1Penetration Length  = =
2m(U-E)

If U>>E  Tiny penetration
If U  0 

δ
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δ
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Finite Potential Well: Particle can Burrow Outside Box 

1Penetration Length  = =
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If U>>E  Tiny penetration
If U  0 
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Measurement Expectation: Statistics Lesson 

• Ensemble & probable outcome of a single measurement or the 
average outcome of a large # of measurements
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Particle in the Box, n=1, find <x> & ∆x ?
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Expectation Values & Operators: More Formally

• Observable: Any particle property that can be measured
– X,P, KE, E or some combination of them,e,g: x2

– How to calculate the probable value of these quantities for a QM state ?
• Operator: Associates an operator with each observable

– Using these Operators, one calculates the average value of that Observable
– The Operator acts on the Wavefunction (Operand) & extracts info about the 

Observable in a straightforward way gets Expectation value for that 
observable
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Operators Information Extractors
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[H] & [E] Operators
• [H] is a function of x 
• [E] is a function of t …….they are really different operators
• But they produce identical results when applied to any solution of the 

time-dependent Schrodinger Eq.

• [H]Ψ(x,t) = [E] Ψ(x,t) 

• Think of S. Eq as an expression for Energy conservation for a 
Quantum system

2 2
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Where do Operators come from ?  A touchy-feely answer
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Example : Average Momentum of particle in box 
• Given the symmetry of the 1D box, we argued last time that <p> = 0  

: now some inglorious math to prove it !
– Be lazy, when you can get away with a symmetry argument to solve a 

problem..do it & avoid the evil integration & algebra…..but be sure!
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But what about the <KE> of the Particle in Box ?  
2

n

p0 so what about expectation value of K= ?
2m
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Schrodinger Eqn: Stationary State Form 

* * * 2

In such cases, P(x,t) is INDEPENDENT of time.
These are called "stationary" states
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