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Chapter 8
Jz can be - (57 4, - (3 /2)8, -/ DA, (1 /7 2)h, (37 2)h or (S/ 2)h

8-14. (@) J-J = (L =S)y(L+S) 2 J2 =12+ 52+ 2L°S
L's = (1 /7 2)0J2 - L2 - 52) = (% / NG+ 1) - 2L+ 1) - s(s+ 1B}
() LS = |L||S|cose = Azla(L + DIV/2[s(s + 1)1'/2cose  s0
cos6 = (1 7 Dj(j+ 1) - 2L+ 1)~ s(s + 1))/ 148 + DIV 2s(s + 11/2
since s=1/2,
cos@ = [j(j+ 1) - &L+ 1)-3 / 4V R(8 + 1)]V2
(1) Pyyphas £ =1, j=1/2
cose = [(1 7 2)3 /7 2) -1+ 1) =374/ (/3/2)
= - (2 /3)1/2 = -0.816,
6 = 144.7°
Py has & =1, j=3/2
cos0 = [(3 7/ 2)5 /7 2) - 101+ 1) -3/41/ (J3/2) =\ / /6 = 0.408
6 = 65.9°
(2) Hosp has £ =5, j=9/2
cos6 = [(9 /7 2)(11 7 2) - S(8) -3/ 41/ { [5(6)1/2./3}
=-6/./90=-2//10
cose = - 0.632, o = 129.2°
H”/zhas L =5, j=\]/2
coso = [(11 / 2)(13 7/ 2) - S(6) - 3/ 4] / { [5(6)1'72/3)
=5/ ./30 = 0.527
o = 58.2°

8-15. The spin of the atomic electron has a magnetic energy in the field of the
orbital moment given by Equations 8.6 and 8.12 with a g-factor of 2, or
Us=-jg B=2(e/ 2me)5z8 = 2upmsB
The magnetic field B originates with the orbiting electron. To estimate B,
we adopt the equivalent viewpoint of the atomic nucleus (proton) circling
the electron, and borrow a result from classical glectromagnetism for the B.
field at the center of a circular current loop with radius r:

B = kaj.l / r3 .
Here ky is the magnetic constant and p = imr2 is the magnetic moment of
the loop, assuming it carries a current i. In the atomic case, we

identify r with the orbit radius and the current i with the proton charge *+e
divided by the orbital period T = 2wr / v. Then
,u=evr/2=(e/2me)i_

where L = mevr is the orbital angular momentum of the glectron. For a
p electron £ = 1 and L = [£(L + DN/2h = J/2h, so

u=(eh/2me)V2 = pgy/2 = 1.31 x 10723 477
For r we take a typical atomic dimension, say 4ap (= 2.12 x10710 m) for a
2p electron, and find
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B = 2(10°7 N/A2)(1.31 X 10-23 J/T)/(2.12 * 10-'0 m)® = 0.276 T
Since mg is ¢1 / 2, the magnetic energy of the electron spin in this field is

U=+ ugB=t (9.27 x10-24 J/T)(0.276 T) = + 2.96 x 10724 J

=+ 1.59 x 1079 eV
The up spin orientation (+) has the higher energy: the predicted energy
difference between the up (+) and down (-) spin orientations is twice this
figure, or about
718 x 1075 eV, a result which compares favorably with the measured value,

5 x 1075 eV.

8-16. In the symmetric combination

Vap(t1, 12) = Walr) () + vialr2) wlry)
interchange r; and ry to get
' Wab(r2, 1) = Wa(f?.)%(rl) + Wa(l'l)%(l'z)
Comparing with the original shows clearly that ygp(ro, 11) = Var(ry, 12) and therefore ygp(ry, 1) is a
symmetric wavefunction as required for bosons. For two bosons in the same state, we seta = b.
Because the resulting wavefunction is nonzero, two bosons may indeed occupy the same quantum

state.

8-17. From Equation 7.9 we have £ = (A2m2 / 2mL2)(ny? + ny? *+ nZ)
E = (1.054 x 10730)2(mr2)(ny? + ny? + ny2) / [2 (9.11 x 10-31(2 x10710)?]
= (1.5 x 10718 J)ny? + ny? * ny?) = (9.4 eV)(ng? * ng? * nz%)
(a) 2 electrons per state. The lowest states have
(ny, Ny, N2 = (1,1,1) > Eyy=1(8.4 eV)(12 + 12 + 12)eV = 28.2 eV
For (ny, Ny nz =, 1 2) or (1,2,1) or (2.1 1),
Epe = Erz1 = Eznn = (9.4 eV)(12 + 12 + 22) = 56.4 eV
Erin =2 % (Eyy * Eniz * Erza E,qy) = 2(28.2 + 3 x 56.5) = 394.8 eV
(b) Al 8 particles go into the (ny, Ny, ny) = (1, 1, 1) state, so
Emin = 8 % Ernp = 225.6 eV

8-18. Classically, |L| = |r|pL . where py is the component of particle
momentum perpendicular to T. Remembering that p is tangent to the orbit at every
point, we see that a highly eccentric orbit is one for which p and r are nearly
collinear over most of the orbit, making p. small almost everywhere. The
exceptions occur at the perigee (nearest point), where T and p are perpendicular but
|r|is small, and apogee (farthest point), where I and p are again perpendicular but
now |p| is small. Thus, we expect that |L| will be smaller for the more
eccentric orbits. The extreme case is that for L =0, where the classical orbit
degenerates to 2 straight line.

The quantum probabilities are found by integrating the radial probability

density for each state, p(r), from r =0 tor = ag. For the 2s state we find

from Table 7.4 (with 2 = 1 for hydrogen)

97



Chapter 8

Pos(r) = |rRas(r)|? = (Bag)™! (r/ ag)2(2 - r/ ag)?e” T / 2o
and
ao

P = (8ay)"! j (r/ ag)(2 - r/ ag)?e” ' / 3 dr

Changing variables from r toz=r/ ag Qives
1
P = 8“‘J’ (422 - 428 + ZYe ~ £ dz

Repeated integration by parts gives
P = 8"{— (422 - 428 + 2% - (8z - 1222 + 42%) - (8 - 24z + 122?)
1
- (-24 + 242) - (24)} e~ Z|
-]
=8"{*(1 +0-4+0+24)e“+8} = 0.034
For the 2p state of hydrogen
Pop(r) = | rA2p(n)|2 = (24a0)7" (r / ag)te ~ 7 %
and ' F

ag 1

P = (2430)"J- (r/ ag)%e "1/ @ dr= 24"j Ao~ Zdz
o -]

Again integrating by parts, we get
1
24"'{-2“ -42% -122% -24z -24}9 - 2| = 24“{-659 -1 24}

-]

)
il

I

0.0037 :
The probability for the 2p electron is nearly ten times smaller, suggesting
that this electron spends more of its time in the outer regions of the atom
where it is screened more effectively by the inner shell electrons.

8-19. Choose the task EigenStates- 3D and load the potential file EX8-19. U3 to give the Thomas-
Fermi potential for an electron in an atom, with distance measured in bohrs (ag) and energy in
Byglgbergs (Ry). The defaults I'= 79 and &= 0.39 describe the gold (Au) atom with screening length of

.39 ag.

’ To model the valence electron in Au we require the 6s state, which exhibits (6 - 1) = 5 nodes

(not counting the one at r = 0). Using AutoSearch, we find that the s state (£ = 0) with 5 nodes has
energy E =—0.635 Ry (=-8.64 eV). The negative of this, 8.64 eV, is the jonization energy predicted
by this model (compared to the experimental value 9.22 eV). The 65 pseudo-wavefunction g(r)
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