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Physics 2D Lecture  Slides
Lecture 27: March 2nd 2005

Vivek Sharma
UCSD Physics

Quantum Mechanics In 3D: Particle in 3D Box
Extension of a Particle In a Box with rigid walls
         1D →  3D
⇒    Box with Rigid Walls (U=∞) in 
        X,Y,Z dimensions 
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y=L

z=L
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Ask same questions:
• Location of particle in 3d Box
• Momentum 
• Kinetic Energy, Total Energy
• Expectation values in 3D

To find the Wavefunction and various
expectation values, we must first set up
the appropriate TDSE & TISE

U(r)=0 for (0<x,y,z,<L)
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The Schrodinger Equation in 3 Dimensions: Cartesian Coordinates
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Time Dependent Schrodinger Eqn:
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Particle in 3D Rigid Box : Separation of Orthogonal Spatial (x,y,z) Variables
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Particle in 3D Rigid Box : Separation of Orthogonal Variables
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Particle in 3D Box :Wave function Normalization Condition
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Particle in 3D Box : Energy Spectrum & Degeneracy
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Probability Density Functions for Particle in 3D Box

Same Energy  Degenerate States
Cant tell by measuring energy if particle is in 

211, 121, 112 quantum State

Source of Degeneracy: How to “Lift”  Degeneracy
• Degeneracy came from the

threefold symmetry of a
CUBICAL Box (Lx= Ly= Lz=L)

• To Lift (remove) degeneracy 
change each dimension such that
CUBICAL box  Rectangular
Box

•  (Lx≠ Ly ≠ Lz)
• Then
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The Coulomb Attractive Potential That Binds
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Spherical Polar Coordinate System

2

( sin )

Vol

( )( )

     = r si

ume Element dV

n

dV r d rd dr

drd d

! " !

! ! "

=

D
on

’t 
P

an
ic

: I
ts

 s
im

pl
er

 th
an

 y
ou

 th
in

k 
! 2

2

2 2 22

2

2 2

2 2

2

1 2m
+ (E-U(r))

sin

Try to free up las

1
(r, , ) =0 

r

 all except 

This requires multi

t term fro

plying thruout by sin

si

1
sin

si

si si

m

n

n

n

r
r

r r

r

r

r
r r

! ! !
! " #

#

"

!

"
" " "

"
"

"

"

#
$ $% &
' ($ $) *

+

$ $% &
' ($ $) *

$ $% &
+ +' ($ $) *

$
+

$

$
$ !

2

2

2 2 2

2

2m ke
+ (E+ )

r

(r, , )=R(r). ( ). ( ) 

Plug it into the TISE above & divide thruout by (r, , )=R(r). ( ).

sin
 =0 

For Seperation of Variables, Write 

( , , )

r

Note tha

(

t :  

) 

 

n
r

r

#
! " # " #

! ! "
!

! " #

#

"

"

"

#

"
$% &

+' ($) *

$

$
$

,

-

, .
.

$

!

2 2 22 2

2 2

2

( ). ( )

( , , )
( ) ( )

( , , )
( ) ( )

s

R(r)
 

r

( )
  when substituted in TI

in sin
 =0

Rearrange by ta

sin

king the

sin

SE

( )
 

1 2m ke
+ (E+

 

)
r

r
R r

r
R r

R r
r

R r r

" #

" #
#

"
" #

"

"

"

"
#
#

"
"

#
"

" "
"

=, .

$-
= .

$
$-

= ,
$

$ $% $ $,% &
+ +' (,

&
' $ $)

($ $

$
$

$,
+

$
$.
$

$
$) .**

.
!

2 2

2

2 2 2

2

2

2

2m ke 1
+ (E+ )

r

LHS is fn. of r,  & RHS is fn of  only , for equality to be true for all r, ,

LHS= constant = RH

 term on RHS 

sin s

S =      

sin
sin

m  

in
 =-

l

R r
r

R r r #

" # " #

"
"

#

"
" "

"$ $% &
' (

$ .
. $

+

$ $,% &
+ ' (, $ $)) * *$ $ !

               



  

 8

2 2 2
2 2

2

2

2

2

sin sin
 =m

Divide Thruout by sin  and arrange all terms with r aw

Now go break up LHS to seperate the  terms...r ..  

2m ke
LHS: + (E+ )

a

& 

sin
si

y from

r

 

1

n
l

R r

r

r
r

r

R r

R

! !

!

!
!

! !

!

!

" "#$ %
+ & '# " "( )

" "$

"

%

"
"

& '" "( )
*

!

2

2

2 2

2

m 1
sin

sin sin

Same argument : LHS is fn of r, RHS is fn of , for them to be equal for a

 LHS = const =

2m ke
(E+ )=

r

What do we have after shuffl

ll r,

= ( in1)     g RHS

l

l l

R r

r
!

! ! ! !
! !

" "#$ %+ & '
$ %

+
# " "( )

* +

& '"( ) !

2
2

2

2

2

2 2
2

2 2 2

!

m1
               sin ( 1) ( ) 0.....(2)

sin sin

     

...............

        

d
               ..(1)

1 2m ke ( 1)
(E+ )- ( ) 0....(

m 0.

 3

.

)
r

T

l

l

d R r l l
r R r

r dr

d d
l

d

d

r

l
d

r

!

,

!
! ! ! !

- .#$ %
+ + + #

- ." +$ %
+ =& ' / 0"( ) 1 2

=& ' / 0
( ) 1 2

3
+ 3 =

!

hese 3 "simple" diff. eqn describe the physics of the Hydrogen atom.

All we need to do now is guess the solutions of the diff. equations

Each of them, clearly, has a different functional form

Solutions of The S. Eq for Hydrogen Atom
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Solutions of The S. Eq for Hydrogen Atom
2 2

2

2 2 2

2

2

0

1 2m ke ( 1)
The Radial Diff. Eqn:  (E+ )- ( ) 0

r

: Associated Laguerre Functions R(r), Solutions exist only if:

1. E>0 or has negtive values given by 
ke 1

E=-
2a

d R r l l
r R r

r dr r r

Solutions

n

! "# +$ %
+ =& ' ( )#* + ,

*

-

$

!

2

0 2

2. And when n = integer such that 0,1,2,3,4,, , ( 1) 

                                   n = principal Quantum # or the "big daddy"  qunatu

To 

; Bohr

Summa

 

m #

 : The hy

Rad

r drogeize n

ius

 atom

a

l

mke

n= .

%
= =& '

+
!

n = 1,2,3,4,5,....

0,1,2,3,,4....( 1)

m 0, 1, 2, 3,.

Quantum #  appear only in Trappe

 is brought to you

d systems

The Spati

 by the letters 

  

al Wave Function o

      

f the 

  

Hydrogen Atom 

  

..

  

 

  

  

l

l n

l

/
= .
= ± ± ± ±

lm( , , ) ( ) .  ( )   .     ( ) Y  (Spherical Harmonics)

 

    l

l

m

nl lm nl l
r R r R0 1 0 12 = 3 4 =

Radial Wave Functions & Radial Prob Distributions

0

0

-r/a

3/2

0

r
-
2

  

a

3/2
00

2
3

23/2
0 00

R(r)= 

2
 e

a

1 r
(2

n    

1  0  0  

2  0  0   

3  0  0 

- )e  
a2 2a

2 r
(27 18 2 )

a81 3a

l

r

ar
e

a

l m

!

! +

n=1  K shell
n=2  L Shell
n=3  M shell
n=4  N Shell
……

l=0 s(harp) sub shell
l=1 p(rincipal) sub shell
l=2 d(iffuse) sub shell
l=3 f(undamental) ss
l=4 g sub shell
……..



  

 10

Symbolic Notation of Atomic States in Hydrogen
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